Given a set T ⊆ GF(q), |T | = t, w T is defined as the smallest positive integer k for which y∈T y k = 0. It can be shown that w T ≤ t always and w T ≤ t − 1 if the characteristic p divides t. T is called a Vandermonde set if w T ≥ t−1 and a super-Vandermonde set if w T = t. This (extremal) algebraic property is interesting for its own right, but the original motivation comes from finite geometries. In this paper we classify small and large super-Vandermonde sets.
Introduction and basic properties
Vandermonde sets were first defined by Gács and Weiner in [3] in a slightly different but similar way as we do here. Although the condition is purely algebraic, and it is interesting enough from the "finite fields viewpoint" (for some related algebraic questions see Turnwald [6] ), Vandermonde sets play an important role in finite geometry which has not yet been completely explored. In this paper we list the basic properties of Vandermonde sets, then we show the geometric connections. Section 2 contains our main result: we classify "small" and "large" super-Vandermonde sets as multiplicative subgroups of the field.
Let GF(q) be a finite field, q = p h a prime power, p its characteristic.
Definition 1.1 Let 1 < t < q. We say that T = {y 1 , ..., y t } ⊆ GF(q) is a Vandermonde-set if π k = i y k i = 0 for all 1 ≤ k ≤ t − 2.
Here we do not allow multiple elements in T . Observe that the power sums do not change if the zero element is added to (or possibly removed from) T (but the cardinality changes hence its "Vandermondeness" is weakened or strengthened). Note that in general the Vandermonde property is invariant under the transformations y → ay + b (a = 0) if and only if p|t; if p t then a "constant term" tb k occurs in the power sums. (It may help in some situations: e.g. we can "translate" T to a set with π 1 = 0 if needed.)
Let w = w T denote the smallest positive integer k for which the power sum π k = 0 (if such a k does not exist then put w = ∞). So the Vandermonde property is equivalent to w ≥ t − 1.
Lemma 1.2
If p|t then a t-set cannot have more than t − 2 zero power sums.
Proof: Consider the product If w T were at least t then each coordinate of the product would be zero (even the first coordinate, here we use that p|t). But the Vandermondedeterminant of distinct elements cannot be zero, so the product cannot be the zero vector. 2 So in this sense Vandermonde sets are extremal, with w = t − 1. We note that if 1 < t ≤ q, |T | = t and multiplicities are allowed then w T = ∞ if and only if all the multiplicities of the elements of T are divisible by the characteristic p.
Lemma 1.4 A t-set cannot have more than t − 1 zero power sums.
Proof: If the zero element does not occur in T then consider the product
it cannot result in the zero vector as the determinant is still non-zero. If 0 ∈ T then remove it: let T * = T \ {0}. There are t − 1 elements in T * , so we are again in the previous, zero-free situation: T * cannot have more than t − 2 zero power sums. Adding 0 to T * , the power sums do not change, so there will be at most t − 2 zero power sums in T . 2 So for a Vandermonde-set w T is either t−1 or t, and the super-Vandermonde property is equivalent to w T = t. Note that in the latter case p t. The zero element is never contained in a super-Vandermonde set. (Suppose that T is a super-Vandermonde set containing the zero element and |T | = t. It has t − 1 zero power sums. Removing the zero element the power sums do not change, so for the set of the other t−1 elements all the first t−1 power sums were zero, which is impossible according to Lemma 1.4.) In fact adding the zero element to a super-Vandermonde set one gets a Vandermonde set, and the same argument gives the first examples of super-Vandermonde sets: Example 1.5 If T is a Vandermonde set, containing the zero element, then T \ {0} is a super-Vandermonde set. In particular, if T is a Vandermonde set and |T | = t is divisible by the characteristic p, then for any a ∈ T , the translate T − a is a Vandermonde set, containing the zero element.
In the next proposition, which is similar to a proposition in [3] , we characterize the Vandermonde-property. Proposition 1.6 Let T = {y 1 , ..., y t } ⊆ GF(q). The following are equivalent (i) T is a Vandermonde set, i.e. w T ≥ t − 1;
Proof: The coefficients of χ are the power sums of the set T , so (i) and (iii) are clearly equivalent. (i) ⇔(iv) is similar. The equivalence of (i) and (ii) is an easy consequence of the Newton formulae relating power sums and elementary symmetric polynomials.
2 Note that for the function χ in (iii), t+χ(Y ) is the characteristic function of T , that is it is 1 on T and 0 everywhere else.
In the next proposition we characterize the super-Vandermonde-property.
Proposition 1.7 Let T = {y 1 , ..., y t } ⊆ GF(q). The following are equivalent (i) T is a super-Vandermonde set, i.e. w T = t;
Proof: The proof is very similar to the Vandermonde-case. The coefficients of χ are the power sums of the set T , so (i) and (iii) are clearly equivalent. (i) ⇔(iv) is similar. The equivalence of (i) and (ii) is an easy consequence of the Newton formulae relating power sums and elementary symmetric polynomials.
2 Now we give some examples for Vandermonde sets. Proposition 1.8(i) and (iii) (and their proofs) are copied from [3] for completeness. In (iii)-(v) we identify the points of AG(2, q) and the elements of GF(q 2 ) since both can be viewed as a 2-dimensional vector space over GF(q). In this identification three points A, B and C of AG(2, q) are collinear if and only if for the corresponding elements (a − c) q−1 = (b − c) q−1 holds in GF(q 2 ). Proposition 1.8 Let q be a prime power.
(i) Any additive subgroup of GF(q) is a Vandermonde set.
(ii) Any multiplicative subgroup of GF(q) is a super-Vandermonde set.
(iii) For q even, consider the points of AG(2, q) as elements of GF(q 2 ).
Any q-set corresponding to the affine part of a hyperoval (i.e. a set of (q + 2) points which is intersected by every line at 0 or 2 points) with two infinite points is a Vandermonde set in GF(q 2 ).
(iv) Let q be odd. Consider the points of AG(2, q) as elements of GF(q 2 ) and a q + 1-set A = {a 1 , ..., a q+1 } in it, intersecting every line in at most two points (i.e. an oval or (q + 1)-arc). Then a suitable affine transform of A is a super-Vandermonde set in GF(q 2 ).
(v) Let B be a blocking set of Rédei type in PG(2, q), i.e. with precisely q points in the affine plane AG(2, q) = PG(2, q) \ ∞ . If |B| < 3 2 (q + 1) then U = B \ ∩ AG(2, q), considered as a subset of GF(q 2 ), is a Vandermonde set.
Proof: (i) Suppose T is an additive subgroup of size t in GF(q). We want to prove that Proposition 1.6 (ii) is satisfied, that is f (Y ) = Π y∈T (Y −y) has only terms of degree divisible by p, except for the term Y . By [4] , Lemma 8.38 if we prove that f is additive, hence GF(p)-linear, then this implies that f has only terms of degree a power of p.
Consider the polynomial in two variables
First of all note that it has full degree at most t and that the coefficient of X t and Y t is zero. Considering F as a polynomial in X, we have
where r i (Y ) (i = 1, . . . , t) is a polynomial in Y of degree at most i (and deg(r t ) ≤ t − 1). Now F (X, y) ≡ 0 for any y ∈ T (as a polynomial of X), so all r i -s have at least t roots. Since their degree is smaller than this number, they are zero identically, so we have
(iii) Let {y 1 , ..., y q } ⊆ GF(q 2 ) correspond to the affine part of the hyperoval H and ε 1 and ε 2 be (q + 1)-st roots of unity corresponding to the two infinite points. Consider the polynomial χ(X) = q i=1 (X − y i ) q−1 . For any point x out of the hyperoval every line through x meets H in an even number of points, and since (x−y i ) q−1 represents the slope of the line joining the affine points x and y i , we have that χ(x) = ε 1 + ε 2 for any x / ∈ {y 1 , ..., y q }. There are q 2 − q different choices for such an x, while the degree of χ is at most q − 2, so χ(X) ≡ ε 1 + ε 2 identically (that is, all coefficients of χ are zero except for the constant term), so by Proposition 1.6 (iv), we are done. (iv) A short proof is that by Segre's theorem such a pointset is a conic if q is odd, so affine equivalent to the "unit circle" {α ∈ GF(q 2 ) : a q+1 = 1}, which is a multiplicative subgroup. (v) By the Ball-Blokhuis-Brouwer-Storme-Szőnyi theorem [1] , see also Ball [2] , U is (a translate of) an additive subgroup, so by (i) it is a Vandermonde set.
2 Note that Proposition 1.6 (iv) implies that if T ⊆ GF(q 1 ) ≤ GF(q 2 ) then T is a Vandermonde-set in GF(q 1 ) if and only if it is a Vandermonde-set in GF(q 2 ).
There are other interesting examples for super-Vandermonde sets as well. Example 1.9 Let q = q t−1 0 and suppose that there exists an element ω ∈ GF(q) * satisfying Tr q→q 0 (ω k ) = −1 for all k = 1, ..., t − 1. Then in GF(q), T = {1} ∪ {ω q i 0 : i = 0, ..., t − 2} is a super-Vandermonde set.
As:
(ω
Note that such ω exists for several pairs (t, q 0 ), here we enlist some values; "-" means that such ω does not exist, while "x" means that the only element with the property above is 1 ∈ GF(q t One may ask about further connections to geometry. Without going into the details we mention one more nice example from [3] : Suppose that we have a (q + t, t)-arc of type (0, 2, t), for which both the line at infinity and the y-axis are t-secants; then if the points of it on the line at infinity are (y 1 ), (y 2 ), ..., (y t ) then the set {y 1 , y 2 , ..., y t } is a Vandermonde set of GF(q). Proposition 1.10 Let T = {y 1 , ..., y t } be a super-Vandermonde set. Then
Proof: Consider the product
it results in the zero vector since T is a super-Vandermonde set. It means that the determinant is zero; expanding it one gets 
Suppose that q = p, p is a prime. The condition t > p · deg g implies that f (Y ) = Y t + c, i.e. T is a transform of the multiplicative group {y : y t = 1} and t|q − 1. 
Proof: Let us write
Y j : a j = 0 if 2t + 1 ≤ j ≤ 3t and j = 1, t + 1, 2t + 1 (mod p) and so on, generally Y j : a j = 0 if kt + 1 ≤ j ≤ (k + 1)t and j = 1, t + 1, ..., kt + 1 (mod p).
The indices of coefficients a are of the form t − kp + 1. Since t − kp + 1 < t and t−kp+1 = 1 (mod p) (because t = 0 (mod p) is true) these coefficients are 0. So the equation is of the form
The indices j of coefficients a j are t < j < 2t. These coefficients are 0 if j = 1, t + 1 (mod p). It means 2t + 1 = 1 (mod p) so 2t = 0 (mod p) which means p = 2. The other condition 2t + 1 = t + 1 (mod p) is satisfied by any t. Hence
The indices are between 2t and 3t here. The coefficients are 0 if 3t + 1 = 1, t+1, 2t+1 (mod p). It gives only one new condition: 3t+1 = 1 (mod p) so 3t = 0 (mod p) which means p = 3. The two other conditions has occurred earlier: p = 2 and t = 0 (mod p).
The indices are of the form t − kp + 1 and they are between (l − 1)t and lt. Hence the coefficients a are 0 if lt + 1 = 1, t + 1, ..., (l − 1)t + 1 (mod p). It gives (l − 1)t conditions: lt + 1 = 1 (mod p) so p = l; lt + 1 = t + 1 (mod p) so p = (l − 1); lt + 1 = 2t + 1 (mod p) so p = (l − 2); and so on lt + 1 = (l − 2)t + 1 (mod p) so p = 2; finally lt + 1 = (l − 1)t + 1 (mod p) so t = 0, which is true. Hence generally we get
In particular, substituting l = n − 1 into this equation we get
The greatest index of a coefficient a can be q − t − 1. (n − 1)t < q − 1 and nt ≥ q − 1 because of the definition of n. It means that (n − 1)t ≥ q − t − 1 so (n − 1)t + 1 ≥ q − t.
It implies that the greatest index of a coefficient a can be (n − 1)t . So we have two possibilities: Case 1. 
We will now prove that it leads to a contradiction. Substituting a (n−2)t+1 = 0 into the equation Y (n−2)t+1 : a (n−3)t+1 + b 0 a (n−2)t+1 = 0, we get a (n−3)t+1 = 0. We can substitute this again into the equation Y (n−3)t+1 : a (n−4)t+1 + b 0 a (n−3)t+1 = 0, and we get a (n−4)t+1 = 0. Substituting this in a decreasing order we get Y t+1 : a 1 + b 0 a t+1 = 0 so a 1 = 0. Since −1 = a 1 b 0 , so a 1 = 0, Case 2 implied a contradiction. It means that Case 1 will occur, so t = q−1 n if p = 1, 2, ..., n − 1. In other words t|q − 1 if p = 1, 2, ..., n − 1. Hereafter, we can write 1 instead of a j if j = (n − 1)t + 1, and 0 if j > (n − 1)t + 1.
2 . Substituting this in a decreasing order we get
We are going to examine the equation that belongs to Y lt+kp+1 . First we write up
We have already seen that the coefficients a occurring in this equation are 0, because these are the same as in the equation of
On the other hand Y lt+p+1 : a (l−1)t+p+1 + b 0 a lt+p+1 + b p a lt+1 = 0, for l = 1, 2, ..., n − 1.
Generally we get Y lt+kp+1 : a (l−1)t+kp+1 + b 0 a lt+kp+1 + b p a lt+(k−1)p+1 + ... + b kp a lt+1 = 0 for l = 1, 2, ..., n − 1 and k = 1, 2, ..., m. In particular, if l = 1 the equation is of the form
Proof: We prove it by mathematical induction.
Step 1. First we prove that b p = 0. Consider the equation
( * ) We have seen that
Substituting these into the equation ( * ), we get Note that we classified the case when q = p 2 : a super-Vandermonde set of GF(p 2 ) is a coset of a multiplicative subgroup.
We also remark that it seems to be very difficult to classify all the superVandermonde sets for p < t < q/p: as Example 1.8 (iii) shows, it would imply the classification for hyperovals (when we work in GF(q 2 ), q even, t = q − 1), which is considered a hopeless task in general.
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